
Mi
roe
onomi
 Models for Long{Memoryin the Volatility of Finan
ial Time Series1Alan KIRMAN2EHESS, Universit�e d'Aix-Marseille IIIInstitut Universitaire de Fran
e & GREQAM Gilles TEYSSI�ERE3GREQAMCOREFirst Draft: February 1998Final Version.
1We are greatly indebted to Hans F�ollmer with whom the sto
hasti
 pro
ess used in this paper has beenderived, to Raj Bhansali, Russell Davidson, Liudas Giraitis, Clive Granger, Mar
 Henry, Cars Hommes,Piotr Kokoszka, Remigijus Leipus, Donatas Surgailis, Bas Werker, for useful 
omments and dis
ussions.We thank the editor, Bru
e Mizra
h, for 
omments whi
h improve the presentation, and seminar par-ti
ipants to the Weierstrass Institute of Applied Analysis and Sto
hasti
s in Berlin, O
tober 1998; theDepartment of Probability and Mathemati
al Statisti
s of Charles University in Prague, November 1998;the Division of Statisti
s in the Department of Mathemati
s of the University of Liverpool, February 1999;the 1999 E
onometri
 So
iety European Meeting in Santiago de Compostela, August 1999; the So
ietyfor Nonlinear Dynami
s and E
onometri
s Annual Symposium in Atlanta, Mar
h 2000; the CeNDEFseminar at the Free University of Amsterdam, February 2001; the 8th EWGFM Meeting in Vilnius, May2001, for 
omments. We also thank Olsen & Asso
iates and Rakhal Dave for providing some of the dataused in this paper. Both authors will blame ea
h other for the remaining mistakes.2Corresponden
e: GREQAM, Centre de la Vieille Charit�e, 2, rue de la Charit�e, F-13002 Marseille,FRANCE. E-mail: kirman�ehess.
nrs-mrs.fr3Corresponden
e: GREQAM, Centre de la Vieille Charit�e, 2, rue de la Charit�e, F-13002 Marseille,FRANCE. E-Mail: gilles�ehess.
nrs-mrs.frHome Page: http://members.aol.
om/gteyssiere



AbstractWe show that a 
lass of mi
roe
onomi
 behavioral models with intera
ting agents, derivedfrom Kirman (1991, 1993), 
an repli
ate the empiri
al long{memory properties of the two �rst
onditional moments of �nan
ial time series. The essen
e of these models is that the fore
asts andthus the desired trades of the individuals in the markets are in
uen
ed, dire
tly, or indire
tly bythose of the other parti
ipants. These \�eld e�e
ts" generate \herding" behaviour whi
h a�e
tsthe stru
ture of the asset pri
e dynami
s. The series of returns generated by these models displaythe same empiri
al properties as �nan
ial returns: returns are I(0), the series of absolute andsquared returns display strong dependen
e, while the series of absolute returns do not display atrend. Furthermore, this 
lass of models is able to repli
ate the 
ommon long{memory propertiesin the volatility and 
o-volatility of �nan
ial time series, revealed by Teyssi�ere (1997, 1998a).These properties are investigated by using various model independent tests and estimators, i.e.,semiparametri
 and nonparametri
, introdu
ed by Lo (1991), Kwiatkowski, Phillips, S
hmidtand Shin (1992), Robinson (1995), Lobato and Robinson (1998), Giraitis, Kokoszka Leipus andTeyssi�ere (2000, 2001). The relative performan
e of these tests and estimators for long{memoryin a non-standard data generating pro
ess is then assessed.Keywords: long{memory, mi
roe
onomi
 models, �eld e�e
ts, semiparametri
 tests, 
onditionalheteroskedasti
ity,JEL Classi�
ation: C15, C22, D40.



1 Introdu
tionOver time, a 
learer pi
ture of some of the statisti
al features of time series of asset pri
eshas emerged. An extensive literature has been developed on the subje
t of testing for thesefeatures. However, few models based on mi
roe
onomi
 behavior whi
h a
tually generate these
hara
teristi
s have been proposed. This paper presents a 
lass of models in whi
h agents intera
tsto
hasti
ally on a �nan
ial market and whi
h do, in fa
t, generate the statisti
al 
hara
teristi
sfound empiri
ally.The dynami
s of the two �rst 
onditional moments of asset pri
es are rather 
omplex. Themean series are, in general, non-stationary, have unit roots at daily frequen
y, and exhibit bub-bles, with a 
lustering of large deviations, while the volatility series display a form of signi�
antdependen
e between very distant observations 
alled long{range dependen
e or long{memory.1The e
onometri
 has literature fo
used on the statisti
al tests and models for testing andrepresenting these empiri
al features. There is a substantial literature on unit roots, non-stationarity tests, and their re�nements: see Di
key and Fuller (1979), Sowell (1990), Robinson(1991, 1994a, 1994b), Kwiatkowski et al. (1992), Ma
Kinnon (1994, 1996), Lee and S
hmidt(1996), among others. Basi
 referen
es for testing for bubbles are Blan
hard and Watson (1982),Hamilton (1989), and Evans (1991).As a 
onsequen
e of the martingale property of daily pri
es Pt, the log of returns Rt =ln(Pt=Pt�1) are un
orrelated. However their power transformation jRtjÆ, where Æ is a positive realnumber, are 
hara
terized by a long-range serial dependen
e, or long{memory. This long{rangedependen
e in the volatility 
an be modeled by resorting to the 
lass of long{memory ARCHpro
esses, introdu
ed by Robinson (1991),2 the long{memory sto
hasti
 volatility models,3 themulti-fa
tors models of Gallant, Hsu and Tau
hen (1998), and the multifra
tal model of assetreturns developed by Mandelbrot, Fisher and Calvet (1997).The fa
t that the 
lass of fra
tional models 
an 
apture the ri
h dynami
s of asset pri
es, andtheir transformations, is not parti
ularly surprising as fra
tals mathemati
s have been used fordes
ribing a large variety of 
omplex phenomena in geophysi
al s
ien
es, e
onomi
s, engineering,et
. However, a simple des
riptive approa
h is in
omplete, as many empiri
al results show someregularity in the long{memory stru
ture a
ross e
onomi
 series: Teyssi�ere (1997, 1998a) revealedthat some daily and intra-day Foreign Ex
hange (FX) rates returns display the same degree oflong{memory in their 
onditional varian
es and 
ovarian
es. Sin
e these regularities are notfortuitous, and are presumably 
aused by some e
onomi
 phenomenon, the obvious next step isto devise a stru
tural model generating these statisti
al properties.Stru
tural models for long{memory are rather rare. Willinger, Paxson and Taqqu (1998)have proposed a framework explaining the self-similarity in the mean series of Ethernet traf-�
. Box-Ste�enmaier and Smith (1996) and Byers, Davidson and Peel (1997) have 
onsideredaggregate popularity models explaining persisten
e in opinion polls. The results of this seriesof 
ontributions are derived by making some distributional assumption on the parameters ofthe models, and by resorting to statisti
al distributions whi
h when aggregated lead to long{memory pro
esses. The long{memory properties of the Mandelbrot, Fisher and Calvet (1997)multifra
tal model rely on the multifra
tal distribution of the trading time.Our approa
h is based on behavioural models whi
h do not resort to the above mentioned1See Mandelbrot (1963), Taylor (1986), Granger and Ding (1995, 1996).2See Ding and Granger (1996), Granger and Ding (1995), Giraitis, Robinson and Surgailis (2000).3See Harvey (1998), Breidt, Crato and de Lima (1998), Robinson (2001).1



statisti
al distributions. The essen
e of these models is that the fore
asts and thus the desiredtrades of the individuals in the markets are in
uen
ed, dire
tly, or indire
tly by those of theother parti
ipants. This interdependen
e, 
alled a \�eld e�e
t",4 generates \herding" behaviourwhi
h a�e
ts the stru
ture of the asset pri
e dynami
s. This resear
h was motivated by the fa
tthat one of the authors, (the e
onometri
ian), has been working on the long{memory propertiesof �nan
ial data, and was embarrassed by the la
k of theoreti
al models explaining his empiri
al�ndings. He looked at one of the models devised by the other author (the mi
roe
onomist) heprogrammed in 1991. After a few 
hanges, a 
onvin
ing answer to his questions emerged.These models repli
ate other empiri
al properties of �nan
ial data. For large samples, thesimulated series of returns 
an be �tted by IGARCH models, see Kirman and Teyssi�ere (2001,2002). Furthermore, like absolute returns on asset pri
es, our simulated series of absolute returnsdo not display a trend and then di�er from standard long{memory pro
esses.These models were originally intended to explain bubbles in asset pri
e series and to developan e
onomi
 model to reinfor
e Evans' (1991) explanation of the possibility of \rational bubbles".A number of models generating herding behaviour have been proposed by Day and Huang (1990),Banerjee (1992), Bikh
handani et al. (1992), and Wel
h (1992), for example. The modelsproposed here rely neither on persistent erroneous beliefs nor do they emphasize 
onvergen
e toa single self-ful�lling belief as in the \informational 
as
ades" or \sunspots" literature, see e.g.,Woodford (1990). Our models exhibit 
ontinual swit
hing from one dominant belief to anotherand there is no 
onvergen
e to a parti
ular state. The appropriate equilibrium notion is that ofa limiting distribution.The paper is organized as follows: in se
tion 2 we give some empiri
al eviden
e whi
h leadus to 
onsider stru
tural models for long{memory. Given that the behavioral models 
onsid-ered here do not belong to a standard family of sto
hasti
 pro
esses, we 
onsider only modelindependent tests and estimators for long{range dependen
e, whi
h are presented in se
tion 3 .Se
tion 4 presents these behavioral models. Simulation results are reported in se
tion 5 , wherethe relative performan
e of these semiparametri
 and nonparametri
 tests and estimators withrespe
t to a non-standard data generating pro
ess is dis
ussed. Se
tion 6 
on
ludes.2 The empiri
al properties of �nan
ial data2.1 Long{memory pro
essesA stationary pro
ess Yt is 
alled a stationary pro
ess with long{memory if its auto
orrelationfun
tion, hen
eforth ACF, �(k) has asymptoti
ally the following hyperboli
 rate of de
ay:5�(k) � L(k)k2d�1 as k !1 (2.1)where L(k) is a slowly varying fun
tion,6 and d 2 (0; 1=2) is the parameter whi
h governs theslow rate of de
ay of the ACF and then parsimoniously summarizes the degree of long-rangedependen
e of the series. In 
ontrast, the ACF of a \short-memory" pro
ess, su
h as an ARMApro
ess, 
onverges at an exponential rate, i.e., very qui
kly, to zero.4See Aoki (1996) and Durlauf (1997) for surveys on models with intera
ting agents.5See Beran (1994), Granger (1980), Granger and Joyeux (1980), Hosking (1981), and Robinson (1994a).6A fun
tion L(k); k � 0, is 
alled slowly varying fun
tion if L(�k)=L(k)! 1 as k !1, 8� > 0.2



Equivalently, the spe
trum f(�) of a stationary pro
ess with long{memory parameter d 
anbe approximated in the neighborhood of the zero frequen
y as:f(�) � C��2d as �! 0+ (2.2)where C is a �nite stri
tly positive 
onstant. The auto
orrelations of a long{memory pro
essare then not summable, i.e., P1k=1 �(k) = 1, and the spe
trum of a long{memory pro
ess hasa pole at frequen
y zero as lim�!0+ f(�) =1.We dete
t long{memory and estimate the long{memory parameter d in various ways. In a�rst approa
h, we 
onsider a 
lass of parametri
 long{memory models, the simplest one beingthe fra
tional noise or I(d) pro
ess, de�ned by:(1�L)dyt = "t; "t � i:i:d(0; �2); (1�L)d = 1Xk=0 kLk;  0 = 1;  k = kYj=1�1� 1 + dj � (2.3)where the real parameter d is 
alled the fra
tional degree of integration of the pro
ess, and(1 � L)d is the fra
tional di�eren
e operator. This pro
ess is stationary if d < 1=2, meanreverting if d < 1, and invertible if d > �1.7Daily pri
es Pt are normally found to be I(1), whi
h is a 
onsequen
e of the eÆ
ient markethypothesis, i.e., E(Pt+1jIt) = Pt, where It denotes the information set available at time t. Whilethe log of returns Rt = ln(Pt=Pt�1) are then I(0), their power transformation jRtjÆ displaylong{memory. Figure 1 on p 22 displays the ACF of the absolute returns on Pound-US Dollarfor the period 1979-1997. The slow de
ay of this ACF is typi
al of a long{memory pro
ess, andsuggests the presen
e of long{memory in the volatility of asset returns.Long-range dependen
e in the 
onditional se
ond moments was �rst 
onsidered by Robinson(1991), who introdu
ed the 
lass of long{memory ARCH pro
esses for testing for no ARCHe�e
ts. The general form for an ARCH(1) is:Rt = �t"t; "t � D(0; 1) with �2t = �2 + 1Xj=1 j(g("t�j)� �2) (2.4)for some �2 > 0, where D(0; 1) is a distribution with zero mean and varian
e equal to one, and�2�g("t) is a martingale di�eren
e. If  j = 0 for j > p, this model is an ARCH(p) model, while ifthe in�nite sequen
e f jg1j=1 has the asymptoti
 hyperboli
 rate of de
ay  j = O(j�(1+d)), thenequation (2.4) de�nes an ARCH(1) pro
ess with long{memory parameter d: for this pro
ess,sho
ks to the error terms have a persistent e�e
t on the 
onditional varian
e.The 
lass of long{memory ARCH models is able to 
apture the hyperboli
 rate of de
ayof the volatility auto
orrelations, provided that a suitable model is sele
ted. Figure 2 displaysthe empiri
al ACF of the absolute returns jRtj on the S&P 500 Composite Index Pt, withthe averaged ACF of 2000 simulated FINGARCH-t pro
esses estimated on these data.8 The
onditional heteroskedasti
 fun
tion of a FINGARCH pro
ess is de�ned as:�Æt = !1� �(1) +  1� (1� �(L)) (1� L)d1� �(L) ! j"t + 
�tjÆ (2.5)7See Odaki (1993).8This pi
ture is borrowed from Teyssi�ere (1998b), where the FINGARCH pro
ess has been introdu
ed.3



Although this model is able to 
apture the hyperboli
 de
ay of the ACF more adequately thanmost other long{memory ARCH models,9 it shares the same drawba
ks of the long{memoryvolatility models: the asymptoti
 normality and root-n 
onsisten
y of the approximate maximumlikelihood estimator are only 
onje
tured on the basis of Monte Carlo simulations, and theremight be no stri
tly stationary solution to the equations de�ning a Fra
tionally IntegratedGARCH pro
ess, see Giraitis, Kokoszka and Leipus (2000), Kazakevi�
ius and Leipus (2002),Kazakevi�
ius, Leipus and Viano (2000), and Giraitis and Surgailis (2001), who 
ontradi
t theassertion of Baillie et al. (1996). Furthermore, the un
onditional varian
e of a long{memoryFIGARCH type pro
ess does not exist, whi
h is not 
onsistent with what is empiri
ally observedfor several series of asset returns, see e.g., Da
orogna et al. (1995).2.2 Empiri
al eviden
eWe observe some regularity in the estimated long{memory 
omponents of the volatility. Asthe volatility of a series Rt 
an be represented by its absolute value jRtj, see Granger andDing (1995), we de�ne the \
o-volatility" between the series R1;t and R2;t by the expressionqjR1;tR2;tj. Teyssi�ere (1997) analyzed the volatility and 
o-volatility of daily returns on Pound-US Dollar and Deuts
hmark-US Dollar by introdu
ing the bivariate unrestri
ted long{memoryARCH model de�ned as: R1;tR2;t ! =  �1�2 !+  "1;t"2;t ! with  "1;t"2;t ! � N " 00 ! ; s11;t s12;ts12;t s22;t !# (2.6)the spe
i�
ation of the 
onditional 
ovarian
e matrix being eithersij;t = !ij1� �ij(1) +  1� (1� �ijL)(1� L)dij1� �ijL ! "i;t"j;t i; j = 1; 2 (2.7)or sij;t = 1Xk=1 B(pij + k � 1; dij + 1)B(pij; dij) "i;t�k"j;t�k; i; j = 1; 2 (2.8)i.e., both 
onditional varian
es and 
ovarian
es are modeled as long{memory ARCH pro
esses.Estimation results by quasi maximum likelihood methods led us to a

ept the hypothesis thatthe three long{memory parameters are the same, i.e., d1 = d2 = d3 = 0:4187 for the period 1979-1997. This empiri
al result is 
on�rmed if we estimate the degree of long-range dependen
e ofthe volatilities and 
o-volatilities with Robinson's (1995) semiparametri
 estimator presentedin the next se
tion. We also 
onsider in this paper the series of Fren
h Fran
-US Dollar dailyreturns and estimate the degree of long memory of the three volatilities and three 
o-volatilitieswith the same estimator, see table 1 in the appendix. As the estimated value of d̂ is the samefor the di�erent bandwidths m, we 
an then 
on
lude that the volatilities and 
o-volatilities ofthese three FX rates share the same degree of long{memory.We also evaluate the degree of long{memory of the volatilities and 
o-volatilities of thePound-Fren
h Fran
 and Deuts
hmark-Fren
h Fran
 with the same estimator. Results displayedin table 2 in the appendix show that the level of long{memory depends on the FX market,however the property of a 
ommon long{memory 
omponent is preserved.9Another 
ase of perfe
t �t is given in Ding and Granger (1996). In other 
ases, the quality of the �t is not soperfe
t. 4



These regularities in the long{memory properties are 
ertainly not fortuitous, sin
e su
ha 
ommon degree of long-range dependen
e has also been observed for more re
ent series ofintra-day FX rates, Pound-US Dollar, Deuts
hmark-US Dollar, and Yen-US Dollar. Table 3 inappendix reports the estimates of d for the 30 minutes spa
ed Olsen & Asso
iates HFDF-96series of absolute returns on the following FX rates: Dollar-Deuts
hmark, Dollar-Yen, Dollar-Swiss Fran
, and Dollar-Pound for the year 1996.10 Similar results on the 
ommonality of thelong{memory 
omponent have been observed with di�erent statisti
al methods by Henry andPayne (1997) for high frequen
y FX rates, and Ray and Tsay (2000) in the US sto
k market.Teyssi�ere (1998a) estimated a trivariate ARFIMA-FIGARCH on 30 minutes spa
ed FX returns,and observed that the 
onditional varian
es share the same long{memory 
omponent, while the
onditional means have a 
ommon antipersistent 
omponent.The game of estimating and 
omparing the degrees of long{memory might be endless as one
an always 
onsider other �nan
ial assets and estimators. However, su
h an exer
ise would be oflittle interest, and a more interesting dire
tion is to �nd the 
ause of these striking regularitiesin the long{memory properties, whi
h are presumably the out
ome of some 
ommon e
onomi
phenomenon.3 Semiparametri
 and nonparametri
 tests and estimatorsAs we are investigating the properties of behavioral mi
roe
onomi
 models whi
h 
annot beredu
ed to a standard sto
hasti
 pro
ess, we 
onsider here model independent tests and esti-mators, i.e., a 
lass of tests and estimators whi
h do not require a spe
i�
 fun
tional form ora parti
ular distributional assumption on the sto
hasti
 pro
ess generating the data. We alsoanalyze the behaviour and relative performan
e of these tests and estimators with our non-standard data generating pro
ess. A similar methodology has been followed in Kirman andTeyssi�ere (2001, 2002) for analyzing other statisti
al properties of the behavioral models studiedhere.We �rst 
onsider a family of estimators and tests whi
h are based on the approximation ofthe spe
trum of an I(d) pro
ess in a neighborhood of the zero frequen
y, as given in equation(2.2). Robinson (1994
, 1995) proposed two semiparametri
 estimators whi
h are asymptoti-
ally normally distributed and robust to 
onditional heteroskedasti
ity of general form, in
ludinglong{memory 
onditional heteroskedasti
ity, with the same limiting distribution as in the ho-moskedasti
 i:i:d: 
ase.11 We 
onsider here only the se
ond estimator as it is more eÆ
ient, itsasymptoti
 distribution is independent of d, and a feasible optimal bandwidth for this estima-tor has been derived by Henry and Robinson (1996). K�uns
h (1987) suggested estimating theparameter d by repla
ing the analyti
al expression of the spe
trum in the Whittle approximateGaussian maximum likelihood estimator by its approximation given by equation (2.2). Robinson(1995) developed this idea and established the asymptoti
 properties of this estimator, obtainedby solving the minimization problem:fĈ; d̂g = argminC;d L(C; d) = 1m mXj=1(ln�C��2dj �+ I(�j)C��2dj ) (3.1)10These series are in #-time, i.e., the intra-day seasonal 
omponent has been removed (See Da
orogna et al.,1993). Sin
e these series do not have the same time s
ale, we 
annot evaluate the 
o-volatilities.11The robustness properties have been established by Henry (2001b) and Robinson and Henry (1999) respe
-tively. 5



where I(�j) is the periodogram. We assume that the approximation (2.2) holds for a degeneraterange of m Fourier frequen
ies �j = 2�j=n, j = 1; : : : ;m� [n=2℄, where [�℄ denotes the integerpart operator, bounded by the bandwidth parameter m, whi
h in
reases with the sample size nbut more slowly as 1=m+m=n! 0 as n!1. Under appropriate 
onditions, whi
h in
lude thedi�erentiability of the spe
trum near the zero frequen
y and the existen
e of a moving averagerepresentation, the asymptoti
 distribution of this Gaussian estimator ispm(d̂� d) � N �0; 14� (3.2)We use here the formula for the data driven optimal bandwidth proposed by Henry andRobinson (1996) whi
h, as demonstrated by Henry (2001a), is robust to 
onditional heteroskedas-ti
ity of general form in
luding the long{memory 
ase.We 
onsider in this paper several model independent tests for I(0) against fra
tionally inte-grated alternatives I(d). Lobato and Robinson's (1998) nonparametri
 Lagrange multiplier testfor I(0) against I(d) alternatives is also based on the approximation (2.2) of the spe
trum of along{memory pro
ess. In the univariate 
ase, the t statisti
 is de�ned as:t = pmĈ1=Ĉ0 with Ĉk = m�1 mXj=1 �kj I(�j) and �j = ln(j) � 1m mXi=1 ln(i) (3.3)where m is a bandwidth parameter. Under the null hypothesis of a I(0) time series, the statisti
t2 is �2(1) distributed.The three other tests for I(0) against I(d), are based on the assumption that under the nullhypothesis of I(0), the standardized series of the partial sums of the pro
ess Sk =Pkj=1 �Yj � �Yn�satis�es a fun
tional 
entral limit theorem. What is required is only the existen
e of an auto
or-relation 
onsistent estimator of the varian
e. All these tests make use of the Newey and West(1987) heteroskedasti
 and auto
orrelation 
onsistent (HAC) varian
e estimator.�̂2(q) = 
̂0 + 2 qXi=1 !i(q)
̂i with !i(q) � 1� 1q + 1 (3.4)where the sample auto-
ovarian
es 
̂i at lag i a

ount for the possible short-range dependen
e upto the qth order. The main problem with the statisti
s 
onsidered here is the la
k of statisti
al
riteria for 
hoosing the trun
ation order q although it should logi
ally be related to the degreeof auto
orrelation and the length of the series.Lo (1991) modi�ed Hurst's (1951) R=S statisti
, based on the range of the partial sumpro
ess Sk, by repla
ing the standard varian
e estimator by the HAC estimator. This newstatisti
 is robust to short-range dependen
e and is de�ned as:R=S(q) = 1�̂(q) � max1�k�nSk � min1�k�nSk� (3.5)If q = 0, Lo's statisti
 redu
es to Hurst's R=S statisti
. Under the null hypothesis of no long{memory, the statisti
 n� 12R=S 
onverges to a distribution equal to the range of a Brownianbridge on the unit interval: max0�t�1W 0(t)�min0�t�1W 0(t) whereW 0t is the Brownian bridgede�ned as W 0(t) = W (t) � tW (1), W (t) being the standardized Wiener pro
ess. Teverovsky,Taqqu and Willinger (1999) observed that the probability of a

epting the null hypothesis of6



no long-range dependen
e depends signi�
antly on q, and is over-estimated whatever the long{memory properties of the data. These authors suggest using this statisti
 together with othertests and estimators for long{memory analysis.12The KPSS test, proposed by Kwiatkowski et al. (1992) and Lee and S
hmidt (1996), basedon the se
ond moment of the pro
ess Sk, is de�ned as:KPSS(q) = 1n2�̂2(q) nXk=1S2k (3.6)Giraitis et al. (2001) have shown that under the null hypothesis of I(0), this statisti
 asymptoti-
ally 
onverges to a well de�ned random variable U = R 10 �W 0(t)�2 dt, whereW 0(t) is a Brownianbridge. Furthermore, these authors pointed out that the 
umulative distribution fun
tion of thisstatisti
 has a series expansion, involving paraboli
 
ylinder fun
tions, whi
h 
onverges veryqui
kly.Giraitis, Kokoszka, Leipus and Teyssi�ere (2001) proposed a 
entering of the KPSS statisti
.This statisti
, denoted by V=S, is then based on the varian
e of the pro
ess Sk:V=S(q) = 1n2�̂2(q) 24 nXk=1S2k � 1n  nXk=1Sk!235 = n�1 V̂ (S1; : : : ; Sn)�̂2(q) (3.7)The limiting distribution of this statisti
 is a well de�ned random variable V = R 10 �W 0(t)�2 dt��R 10 W 0(t)dt�2 the distribution of whi
h is linked to the distribution of the Kolmogorov statisti
by a single 
hange of variable. This statisti
 has uniformly higher power than the KPSS statisti
,and is less sensitive to the 
hoi
e of the order q than Lo's statisti
.13 Giraitis et al. (2001) havealso shown that this statisti
 
an be used in the dete
tion of long{memory in volatility for the
lass of ARCH(1) pro
esses.We 
an estimate semi-parametri
ally the degree of long{memory in volatility in the frame-work of the long{memory linear ARCH model developed by Giraitis, Robinson and Surgailis(2000), de�ned as: Rt = �t"t; "t � D(0; 1) with �t = �+ 1Xj=1 jRt�j (3.8)where the in�nite sequen
e of 
oeÆ
ients f jg1j=1 has the rate of de
ay  j = O(jd�1), withd 2 (0; 1=2). Giraitis, Robinson and Surgailis (2000) have shown that under the 
onditionL(E"40)1=2P1j=1  2j < 1, where L = 7 for the Gaussian 
ase and L = 11 in other 
ases, thereexist a stationary solution to the two previous equations, su
h that the sequen
e of squaresfR2t g1t=1 has a 
ovarian
e fun
tion the rate of de
ay of whi
h is given by equation (2.1).Giraitis, Kokoszka, Leipus and Teyssi�ere (2000) have proposed several semi-parametri
 es-timators for the degree of long{memory of the linear long{memory ARCH pro
ess, from itssequen
e of squares fR2t gnt=1. One of them is the standard R=S \pox-plot" analysis advo
atedby Mandelbrot and Wallis (1969), Mandelbrot and Taqqu (1979), among others. The two othersestimators are new, and simply extend the \pox-plot" analysis to the KPSS and V=S statisti
s.Interested readers are referred to Beran (1994) and Giraitis et al. (2000) for the te
hni
al detailsof the implementation of the \pox-plot methods".12When q in
reases, the power of this statisti
 tends qui
kly to its size. The 
on
lusions of Teverovsky et al.(1999) should be quali�ed by the fa
t that these authors 
onsider ex
essive values for q, e.g., 50.13See Giraitis et al. (2001), Kirman and Teyssi�ere (2002).7



4 Mi
roe
onomi
 models for long{memory in the volatilityThe mi
roe
onomi
 models used here are derived from Kirman (1991, 1993). Their basi
 foun-dation is the existen
e of two groups of agents, 
alled 
hartists and fundamentalists, who di�erby the rule whi
h they use to fore
ast pri
es. One rule is based on e
onomi
 fundamentals, andthose who follow it are 
alled \fundamentalists", and the other is based on extrapolation andis used by \
hartists". The important feature of these models is that individuals 
hange frombeing fundamentalists and be
ome 
hartists and vi
e-versa. Thus, the groups are not �xed insize and this has 
onsequen
es for market behaviour.It is important to note that the models here, although of a sequential nature, are stillequilibrium models. In other words, at ea
h point of time the level of ex
hange rate is su
h thatthe total volume demanded is equal to the total volume supplied. On a daily basis, this maynot be unreasonable but if we take pri
e data at shorter intervals this sort of model be
omesmu
h less realisti
. As soon as we look at pri
es at very high frequen
ies we are obliged to askwhat those pri
es represent. This will depend on the type of market organisation but will atbest re
e
t the terms at whi
h transa
tions are made and not at all short term equilibrium.In an ele
troni
 trading system if the best o�er of a parti
ular share is 500 at $100 it may befa
ed with a demand for 2000 at that pri
e. Nevertheless 500 of the demand will be served andthat pri
e will be re
orded even though it 
an not reasonably be 
onsidered as an equilibriumpri
e. Thus, to model pri
es of this sort by an equilibrium pro
ess, even though this is 
ommonpra
ti
e, is unrealisti
. In parti
ular, the foreign ex
hange market involves \market makers"trading independently and quoting \bids" and \asks". The published rates re
e
t some averageof these.14Why is this important? Simply be
ause the sort of model here does not 
apture the statisti
alfeatures of high-frequen
y data and for the reasons just given this is not surprising.If the markets are eÆ
ient, the expe
ted pri
e E(Pt+1) of an asset at time t+ 1 
onditionalon the information set It is given by: E(Pt+1jIt) = Pt (4.1)In our setting, agents do not 
onsider markets to be eÆ
ient and then assume that they 
anpredi
t the next pri
e level, i.e.,15E(Pt+1jIt) = �Pt+1jIt + Pt (4.2)where �Pt+1jIt is the predi
ted pri
e 
hange at time t + 1, given the information set It. LetPt be the ex
hange rate at time t, 
hartists make the assumption that the ex
hange rate in thenext period is a 
onvex linear fun
tion of the previous pri
es, i.e.,E
 (Pt+1jIt) = M
Xj=0hjPt�j with M
Xj=0hj = 1 (4.3)where hj ; j = 0; : : : ;M
 are 
onstants, M
 is the memory of the 
hartists. On the other hand,fundamentalists fore
ast the next pri
e as:Ef (Pt+1jIt) = �Pt + MfXj=1 �j(Pt�j+1 � �Pt�j) (4.4)14For details of the me
hani
s of foreign ex
hange markets see e.g., Grabbe (1992).15The basi
 features of the model would not be 
hanged if we allowed for some more sophisti
ated extrapolarypro
esses. 8



where �j ; j = 1; : : : ;Mf are positive 
onstants, representing the degree of reversion to thefundamentals, Mf is the memory of the fundamentalists. This series of `fundamentals' 
an bethought as the pri
e if it were only to be explained by a set of relevant exogenous variables. Weassume that the fundamentals �Pt follow a random walk:�Pt = �Pt�1 + "t with "t � N(0; �2" ) (4.5)Individuals i, i = 1; : : : ; N have a utility fun
tion given by:U(W it+1) = E(W it+1)� �V (W it+1) (4.6)where � denotes the risk aversion 
oeÆ
ient, E(:) and V (:) denote the expe
tation and varian
eoperators. Agents have the possibility of investing at home in a risk free asset or investingabroad in a risky asset. This foreign investment involves two risks, that of an ex
hange rate
hange, and that intrinsi
 in the foreign asset.Denote by �t the foreign interest rate, dit the demand by the ith individual for foreign 
urren
y,and r the domesti
 interest rate. The ex
hange rate Pt and the foreign interest rate �t are
onsidered by agents as independent random variables, with�t � N(�; �2�) with �t > r (4.7)Hen
e, the 
umulated wealth of individual i at time t+ 1, W it+1 is given by:W it+1 = (1 + �t+1)Pt+1dit + (W it � Ptdit)(1 + r) (4.8)Thus, we have: E(W it+1jIt) = (1 + �)Ei(Pt+1jIt)dit + (W it � Ptdit)(1 + r) (4.9)V (W it+1jIt) = (dit)2�t where �t = V (Pt+1(1 + �t+1)) (4.10)Demand dit is found by maximising utility and writing the �rst order 
ondition(1 + �)Ei(Pt+1jIt)� (1 + r)Pt � 2�t�dit = 0 (4.11)where Ei(:jIt) denotes the expe
tation of an agent of type i. Let kt be the proportion offundamentalists at time t, the market demand is:dt = (1 + �) �ktEf (Pt+1jIt) + (1� kt)E
(Pt+1jIt)�� (1 + r)Pt2�t� (4.12)Now 
onsider the exogenous supply of foreign ex
hange Xt, then the market is in equilibriumif aggregate supply is equal to aggregate demand, i.e., Xt = dt, whi
h gives(1 + r)Pt = (1 + �) �ktEf (Pt+1jIt) + (1� kt)E
(Pt+1jIt)�� 2�t�Xt (4.13)We assume that 2�t�Xt=(1 + �) = 
 �Pt. If Mf =M
 = 1, then the equilibrium pri
e is given byPt = kt � 
A �Pt � kt�1A �Pt�1 + (1� kt)h1A Pt�1 (4.14)9



with A = 1 + r1 + � � (1� kt)h0 � kt�1 (4.15)Thus, for our so 
alled \Havana{India" model, the foreign ex
hange rate Pt is a 
ombinationwith varying 
oeÆ
ients of the previous pri
e Pt�1 and the fundamentals �Pt and �Pt�1.Sin
e this paper has been motivated by the similarity of the long memory 
omponent ofthe volatilities and 
o-volatilities of FX rates, we wish to 
he
k whether our model is ableto generate this empiri
al 
hara
teristi
. We then 
onsider a se
ond ex
hange rate, denotedby P �t , whi
h depends on a series of fundamentals �P �t , a foreign interest rate ��t , and twofore
asts fun
tions with parameters ��1 , h�0 and h�1. We impose a 
ommon restri
tion on thetwo pro
esses Pt and P �t by assuming that the proportion of fundamentalists kt is the samefor both pro
esses. This assumption is reasonable as being a fundamentalist means relying onfundamentals, whatever they are, provided that there is no good reason for not relying on aparti
ular series of fundamentals.Thus, the pro
ess P �t is de�ned asP �t = kt � 
�A� �P �t � kt��1A� �P �t�1 + (1� kt)h�1A� P �t�1 (4.16)where A� = 1 + r1 + �� � (1� kt)h�0 � kt��1 (4.17)The last building blo
k of the model 
onsists in introdu
ing the pro
ess governing the evo-lution of kt, i.e., the proportion of agents making a fore
ast based on fundamentals in the wholepopulation. It is assumed that:1. Agents intera
t,2. Agents 
ommuni
ate their beliefs on the next period fore
ast through a parti
ular epi-demiologi
 pro
ess introdu
ed by F�ollmer.Sin
e the parameters of the epidemiologi
 model are independent of the previous parametersof the model, the proportion of fundamentalists and the fore
asts of agents is independent ofthe e
onomi
 variables.Let N be the total number of agents and #t be the number of agents with a fundamentalistfore
ast at time t. We assume that pairs of agents meet at random and that the probability thatthe �rst agent is 
onverted to the opinion of the se
ond one is equal to (1 � Æ). Furthermore,ea
h agent 
an independently 
hange his opinion with probability �. This probability insuresthat the pro
ess is not trapped in the extremes, i.e., all agents are 
hartists or all agents arefundamentalists.Given that the state of the pro
ess is summarized by the value of #t, its evolution is de�nedby the following transition matrix:16Pr(#; #+ 1) = �1� #N ��� + (1� Æ) #N � 1� (4.18)Pr(#; #� 1) = #N �� + (1� Æ)N � #N � 1� (4.19)Pr(#; #) = 1� Pr(#; #+ 1)� Pr(#; #� 1) (4.20)16The limit distribution of the Markov 
hain de�ned by this transition matrix is a Beta distribution. This resultproved by F�ollmer is reprodu
ed in Kirman (1991). 10



After the meetings, the proportion of fundamentalists is equal to #t=N . However, agentsobserve this proportion with error, i.e., agent i observe ki;t, with:ki;t = #tN + "i;t with "i;t � N(0; �2#) (4.21)If agent i observe that ki;t � 0:5, then he will make a fundamentalist fore
ast, otherwise he willmake a 
hartist fore
ast. Thus, the proportion kt of agents making a fundamentalist fore
ast isgiven by: kt = N�1 NXi=1 1 (ki;t�0:5) (4.22)where 1 (
ond) denotes the indi
ator fun
tion, whi
h is equal to 1 if 
ond is true, and 0 otherwise.The herding behaviour of the pro
ess kt on the extremes depends on � and �#. If � be
omessmaller, then the pro
ess kt will spend more time on the extremes 0 and 1. The parameter �#measures the a

ura
y of observation of the proportion of fundamentalists; see equation (4.21).If �# be
omes smaller, the prevailing opinion is observed with more a

ura
y, whi
h results inmassive swings of opinion. There are two related reasons for su
h behaviour. Firstly, Keynespointed out that individuals trades are 
on
erned about what \market opinion" is rather thanabout fundamental values. This, he argued, is be
ause it is less risky to be wrong with the 
rowdrather than being wrong alone. Alternatively on 
ould think of a Nash equilibrium in whi
h ifall people have the same opinion, no one has an in
entive to deviate. As we will see in the nextse
tion, these two parameters govern the level of long-range dependen
e in the volatility of thesimulated returns.5 Monte Carlo analysis of the pro
ess5.1 Chara
teristi
s of the simulationsWe generate 10000 samples of 3000 observations, whi
h is the typi
al size for daily �nan
ial timeseries. We adjust the parameters of the model so that the series of returns Rt = ln(Pt=Pt�1)generated by the epidemiologi
 model is I(0), and the volatility of the series of simulated returnsdisplay long-range dependen
e, i.e., are I(d) with d 2 (0; 1=2). We 
hoose as proxy of thevolatility the series of absolute returns jRtj and squared returns R2t .We dete
t the presen
e of long{memory by using the tests for I(0) against I(d) alternativespresented in se
tion 3 . For the test based on the partial sum pro
ess, i.e., Lo's test, the KPSStest, and the V=S test, we 
onsider the trun
ation orders q = 0; 1; 2; : : : ; 5; 10; 15; : : : ; 30 for theHAC varian
e estimator. For the Lobato and Robinson (1998) test, we use a grid of bandwidthsm = 60; 84; 108; 132; 156 as in Lobato and Savin (1998). We tune the parameters of the modelso that the degree of long{memory, estimated with Robinson's (1995) estimator and the optimalbandwidth mopt by Henry and Robinson (1996), is the same as the one observed in �nan
ialtime series. For this Gaussian estimator, we use the optimal bandwidth mopt, and the gridm = 84; 108; 132; 156.We 
hoose the following values for the parameters of the model:� Number of agents N = 1000,� At time t = 0, the number of fundamentalists is equal to the number of 
hartists, i.e.,k0 = 0:5, 11



� P0 = 1000, initial value of the ex
hange rate,� �P0 = 1050, initial value of the fundamentals series,� �2" = 10:0,� Annual foreign interest rate � = 0:07, the daily foreign interest rate is then equal to0:00018538,� Annual domesti
 interest rate r = 0:04, thus the daily domesti
 interest rate is equal to0:000133668,� �1 = 0:59, h0 = 0:625, h1 = 1� h0,� Æ = 0.010,� � = 0.000325;� �2# = 0.33.For the bivariate pro
ess (Pt; P �t ), the parameters of the pro
ess Pt remain the same, whilethe parameters of the pro
ess P �t are:� �� = 0.08%, at an annual rate, the daily rate is then equal to 0.00021087,� P �0 = 1500, initial value of the se
ond series of ex
hange rate,� �P �0 = 1550, initial value of the se
ond series of fundamentals, �2" = 15:0,� ��1 = 0:58, h�0 = 0:625, h�1 = 1� h�0.5.2 Simulation resultsThe series of simulated returns mat
h the empiri
al properties of the two �rst moments ofabsolute returns. Unlike standard long{memory pro
esses, the series of simulated absolutereturns are not trended. Figures 6 and 7 display two series of simulated absolute returns, whi
hare similar to what is empiri
ally observed, see Figures 4 and 5. For Figures 6 and 7 the estimatedvalues of d, obtained with Robinson's (1995) Gaussian estimator and the optimal bandwidth,are respe
tively d̂ = 0:4425 and d̂ = 0:3914. A standard long{memory pro
ess with su
h degreesof dependen
e will have a marked trend.However, the series of simulated absolute returns display strong dependen
e: Figure 3 dis-plays the ACF of a series of absolute simulated returns whi
h resembles to the empiri
al ACF ofabsolute returns displayed in Figures 1 and 2: there is a signi�
ant auto
orrelation as observedwith real data.Simulation results reported in tables 6 and 7 show that the four statisti
al tests a

ept 95%of the time the null hypothesis of no long-range dependen
e for the di�eren
ed series (1�L)Pt.Table 4 display the mean of the degree of long{memory estimated with Robinson's (1995)Gaussian estimator. We observe that the Monte Carlo standard deviations of the Gaussianestimator are greater than the theoreti
al standard deviations (2pm)�1 obtained under someassumptions on the pro
ess generating the data:17 for our sample size, the theoreti
al standard17See Robinson (1995). 12



deviations for the bandwidths 84; 108; 132; 156 are equal to 0:0545, 0:0481, 0:0435 and 0:0400 re-spe
tively. This means that our mi
roe
onomi
 model based data generating pro
ess, hen
eforthDGP, is more 
omplex than a standard linear long{memory pro
ess.The use of a sto
hasti
 pro
ess for modelling the evolution of the pro
ess kt allows us to 
on-trol the link between herding behaviour and long{memory. This makes the analysis easier thanin Kirman (1999) and Gaunersdorfer and Hommes (2000) who used an evolutionary me
hanismbased on the relative performan
e of the fore
ast fun
tions of 
hartists and fundamentalists. We
onsider several values for the parameters �, whi
h is the probability that an agent indepen-dently 
hanges his opinion, and the parameter �2# whi
h represents the a

ura
y of observationof the proportion of fundamentalists, see equation (4.21). When �2# = 0:33 and � = 0:000325,the estimated degree of long{memory d in the absolute returns is equal to 0.35, while when�2# = 0:60 and � = 0:000325, the estimated value of d de
reases to 0.30, and when � = 0:01 and�2# = 0:33, this degree de
reases to 0.20. Thus, the estimated degree of long-range dependen
eof the model is linked to the herding behaviour of agents.Table 5 p 20 reports the estimated values of d from the three \pox-plot" based semiparametri
estimators, whi
h do not di�er too mu
h from the results obtained from the lo
al Whittleestimator.18 We 
an 
on
lude that our DGP di�ers from the long{memory linear ARCH modelby Giraitis, Robinson and Surgailis (2000), whi
h is not surprising.Results on tables 6 and 7, show that the Lobato-Robinson's test, Lo's test, the KPSS testand the V=S test dete
t the presen
e of long{memory in the simulated series of absolute andsquared returns. The Lobato{Robinson test, the V=S test and Lo's test have the same powerand have more power than the KPSS test. Giraitis et al. (2001) 
onje
tured that this higherpower is due to the smaller varian
e of the V=S statisti
.When interpreting these results, we have to keep in mind that the performan
e of theseasymptoti
 tests has been originally assessed with respe
t to a standard DGP. Given that weapply them to a non-standard DGP, we have to adjust them on the 
orre
t size basis. Davidsonand Ma
Kinnon (1998) suggest to draw the size-power tradeo� 
urve, whi
h graphs the proba-bility of reje
ting the null hypothesis when it is false against the probability of reje
ting the nullhypothesis when it is true. Figures 10 and 11 display the size-power 
urves whi
h are obtainedby plotting the empiri
al distribution fun
tion, hen
eforth EDF, ~F (x) of the P -values of theDGP whi
h does not satisfy the null hypothesis against the EDF F̂ (x) of the P -values of a DGPwhi
h satis�es this null hypothesis. If the test is pivotal, i.e., its distribution is independent ofany unknown feature of the pro
ess generating the data, the 
hoi
e of the DGP satisfying thenull hypothesis is not important. However, if the test is not pivotal, Davidson and Ma
Kinnon(1996) suggest to 
hoose the \pseudo-null" DGP, whi
h is in the set of DGP satisfying the nullhypothesis, the 
losest, a

ording to the Kullba
k-Leibler 
riterion, to the DGP whi
h does notsatisfy the null hypothesis.For q = 0, the size{power 
urves for all the statisti
s are not distinguishable, thus we displaythe 
urves for q = 30. The size-power 
urves of Lo's statisti
 and the V=S test are over the
urve of the KPSS statisti
. For small samples, e.g., 500 observations, the size-power 
urve ofthe V=S test is over the two other 
urves, see Kirman and Teyssi�ere (2002). The V=S statisti
is slightly less sensitive to the 
hoi
e of q than Lo's statisti
.Finally, table 8 p 21 gives the simulation results for the bivariate pro
ess (Rt; R�t ), withRt = ln(Pt=Pt�1) and R�t = ln(P �t =P �t�1). These results show that the estimated values of d are18Interestingly, the Monte Carlo standard errors slightly di�er from the ones of the long{memory linear ARCHpro
ess. See Giraitis et al. (2000). 13




lose for the series of volatilities jRtj, jR�t j and 
o-volatilities pjRt; R�t j for all the values of thebandwidth parameter m. Our model is then able to generate the empiri
al property of 
ommonlong-range dependen
e in the volatilities and 
o-volatilities of FX rates.Figures 8 and 9 display two examples of the evolution of the pro
ess kt. The pro
ess neverherds on the extremes 0 and 1, whi
h is 
onsistent with what is empiri
ally observed on �nan
ialmarkets: agents never all swing together to one belief. There is a tenden
y for one view topredominate at any point in time, but there is always a minority with the other view and intime this minority takes over.6 Con
lusionWe have presented here a new 
lass of models of �nan
ial markets based on the idea that individ-ual agents intera
t sto
hasti
ally. These models repli
ate the empiri
ally observed 
hara
teristi
sof daily ex
hange rates series. These 
hara
teristi
s are that the returns are un
orrelated, whilethe absolute returns and squared returns display long{memory.We have explained the nature of \long{memory" and show how it may be dete
ted in thesort of non-standard data generating pro
ess yielded by our models. The fa
t that the pro
essis non-standard means that we had to use nonparametri
 and semiparametri
 methods.While Evans (1991) pointed out that some bubble like features whi
h were deliberatelyintrodu
ed into time series would not be dete
ted by standard pro
edures, he did not providean e
onomi
 model whi
h would generate this stru
ture.Our models generate \herding behaviour" and swings of opinion whi
h give rise to bubblelike features, see Kirman and Teyssi�ere (2001, 2002). However, the important feature of thesemodels, from the point of view of this paper, is that they also generate the sort of long{memorywhi
h 
an be dete
ted and is a
tually present in empiri
al series.What is most interesting is that this sort of long{memory seems to be intimately linked tothe tenden
y of the markets parti
ipants to herd on the extremes. Thus \bubbles" seems to belinked to long{memory through this herding behaviour.Referen
esAoki, M. (1996): A New Appr o ach to Macr o e c onomic Mo deling . Cambridge University Press: New York.Baillie, R. T., Bollerslev, T. and H. O. Mikkelsen (1996): \Fra
tionally integrated generalized autore-gressive 
onditional heteroskedasti
ity," Journal of Ec onometrics , 74, 3{30.Banerjee, A. (1992): \A simple model of herd behavior," Quarterly Journal of Ec onomics , 107, 797{818.Beran, J. (1994): Statistics for L ong{memory Pr o c esses. Chapman and Hall.Bikh
handani, S., Hirshleifer, D. and I. Wel
h (1992): \A theory of fads, fashion, 
ustom and 
ultural
hanges as informational 
as
ades," Journal of Politic al Ec onomy , 100, 992{1027.Blan
hard, O. and M.W. Watson (1982): \Bubbles, rational expe
tations and �nan
ial markets," in P.Wa
htel ed., Crisis in the Ec onomic and Financial System , Lexington, MA: Lexington Books, 295{315.Box-Ste�enmaier, J.M. and R.M. Smith (1996): \The dynami
s of aggregate partisanship," A meric an

Politic al Scienc e R eview , 90, 567{580.Breidt, F.J., Crato, N. and P. de Lima (1998): \On the dete
tion and estimation of long{memory insto
hasti
 volatility," Journal of Ec onometrics , 83, 324{352.14



Byers, D., Davidson, J., and D. Peel (1997): \Modelling politi
al popularity: an analysis of long rangedependen
e in opinion poll series," Journal of the R oyal Statistic al So ciety , A 160, 471{490.Da
orogna, M.M., M�uller, U.A., Nagler, R.J., Olsen, R.B. and O.V. Pi
tet (1993): \A geographi
al modelfor the daily and weekly seasonal volatility in the foreign ex
hange market," Journal of International

Money and Financ e , 12, 413{438.Da
orogna, M.M., M�uller, U.A., Pi
tet, O.V. and C.G. De Vries (1995): \The distribution of extremalforeign ex
hange rate returns in extremely large data sets," Olsen & Asso ciates R ese ar ch Pap er UAM1992-10-22.Davidson, R. and J.G. Ma
Kinnon (1996): \The power of bootstrap tests," Que en 's Institute for

Ec onomic R ese ar ch Discussion Pap er 937.Davidson, R. and J.G. Ma
Kinnon (1998): \Graphi
al methods for investigating the size and power ofhypothesis tests," The Manchester Scho ol , 66, 1{26.Day, R. and B. Huang (1990): \Bulls, bears and market sheep," Journal of Ec onomic Behavior and

Or ganization , 14, 299{329.Di
key, D.A. and W.A. Fuller (1979): Distribution of the estimators for autoregressive time series witha unit root. Journal of the A meric an Statistic al Asso ciation , 74, 427{431.Ding, Z. and C.W.J. Granger (1996): \Modelling volatility persisten
e of spe
ulative returns. A newapproa
h," Journal of Ec onometrics , 73, 185{215Durlauf, S.N. (1997): \Statisti
al me
hani
s approa
hes to so
ioe
onomi
 behaviour," in W.B. Arthur,S.N. Durlauf and D.A. Lane eds., The Ec onomy as an Evolving Complex System , Addison Wesley:Reading, Massa
hussets, 81{104.Evans, G.W. (1991): \Pitfalls in testing for explosive bubbles in asset pri
es," A meric an Ec onomic

R eview , 81, 922{930.Gallant, A.R., Hsu, C-T. and G. Tau
hen (1998): \Calibrating volatility di�usions and extra
tingintegrated volatility," in Pr o c e e dings of the Se c ond High F r e quency Data in Financ e Confer enc e, HFDF-

II, , Olsen & Asso
iates, 1-3 April 1998, Zuri
h, Switzerland.Gaunersdorfer, A. and C. H. Hommes (2000): \A nonlinear stru
tural model for volatility 
lustering,"
CeNDEF Working Pap er 00-02.Giraitis, L. and D. Surgailis (2001): \ARCH{type bilinear models with double long{memory", Pr eprint.Giraitis, L., Kokoszka, P.S. and R. Leipus (2000): \Stationary ARCH models: dependen
e stru
ture and
entral limit theorem," Ec onometric The ory , 16 , 3{22.Giraitis, L., Kokoszka, P.S., Leipus R. and G. Teyssi�ere (2001): \Res
aled varian
e and related tests forlong{memory in volatility and levels," Journal of Ec onometrics , forth
oming.Giraitis, L., Robinson, P.M. and D. Surgailis (2000): \A model for long{memory 
onditional het-eroskedasti
ity," A nnals of Applie d Pr ob ability , 10, 1002{1024.Giraitis, L., Kokoszka, P.S., Leipus, R. and G. Teyssi�ere (2000): \Semiparametri
 estimation of the inten-sity of long{memory in 
onditional heteroskedasti
ity," Statistic al Infer enc e for Sto chastic Pr o c esses ,3, 113{128.Grabbe, J.O. (1992): International Financial Markets . Prenti
e Hall, New York.Granger, C.W.J. (1980): \Long{memory relationships and the aggregation of dynami
 models," Journal

of Ec onometrics , 14, 227{238.Granger, C.W.J. and R. Joyeux (1980): \An introdu
tion to long{memory time series models andfra
tional di�eren
ing," Journal of Time Series A nalysis , 1, 15{29.15



Granger C.W.J. and Z. Ding (1995): \Some properties of absolute returns, an alternative measure ofrisk," A nnales d'

�

Ec onomie et de Statistique , 40, 67{91.Granger, C.W.J. and Z. Ding (1996): \Varieties of long{memory models," Journal of Ec onometrics , 73,61{77.Hamilton, J.D. (1989): \A new approa
h to the e
onomi
 analysis of nonstationary time series and thebusiness 
y
le," Ec onometric a , 57, 357{384.Harvey, A.C. (1998): \Long{memory in sto
hasti
 volatility," in J. Knight and S. Sat
hell eds., F or e-

c asting V olatility in Financial Markets , Oxford: Butterworth-Heineman, 307{320Henry, M. and R. Payne (1997): \An investigation of the long range dependen
e in intra-day foreignex
hange rate volatility," LSE Financial Market Gr oup Discussion Pap er 264.Henry, M. (2001a): \Robust automati
 bandwidth for long{memory," Journal of Time Series A nalysis ,22, 293{316.Henry, M. (2001b): \Averaged periodogram spe
tral estimation with long{memory 
onditional het-eroskedasti
ity," Journal of Time Series A nalysis , 22, 431{459.Henry, M. and P.M. Robinson (1996): \Bandwidth 
hoi
e in Gaussian semiparametri
 estimation oflong range dependen
e," in P.M. Robinson and M. Rosenblatt eds., A thens Confer enc e on Applie d

Pr ob ability and Time Series A nalysis, Time Series A nalysis, In Memory of E.J. Hannan , 2, LNS 115.Springer Verlag: New York, 220{232.Hosking, J.R.M. (1981): \Fra
tional di�eren
ing," Biometrika , 68, 165{176.Hurst, H.E. (1951): \Long-term storage 
apa
ity of reservoirs," T r ansactions of the A meric an So ciety

of Civil Engine ers , 116, 770{799.Kazakevi�
ius, V. and R. Leipus (2002): \On stationarity in the ARCH(1) model," Ec onometric The ory ,18, 1{16.Kazakevi�
ius, V., Leipus, R. and M-C. Viano (2000): \Stability of random 
oeÆ
ients autoregressive
onditionally heteroskedasti
 models," Pr eprint.Kirman, A. (1991): \Epidemi
s of opinion and spe
ulative bubbles in �nan
ial markets," in M. Taylored., Money and Financial Markets , 
hapter 17, Ma
millan: London.Kirman, A. (1993): \Ants, rationality and re
ruitment," The Quarterly Journal of Ec onomics , 108,137{156.Kirman, A. (1999): \On the transitory nature of gurus," Pr eprint .Kirman, A. and G. Teyssi�ere (2001): \Testing for bubbles and 
hange{point," Pr eprint.Kirman, A. and G. Teyssi�ere (2002): \Bubbles and long range dependen
e in asset pri
es volatilities," inC.H. Hommes, R. Ramer and C. Withagen eds., Equilibrium, Markets and Dynamics. Springer Verlag,forth
oming.K�uns
h, H.R. (1987): \Statisti
al aspe
ts of self-similar pro
esses," in Yu. Prohorov and V.V. Sazanoveds., Pr o c e e dings of the First World Congr ess of the Bernoul li So ciety , 1, VNU S
ien
e Press: Utre
ht,67{74.Kwiatkowski, D., Phillips, P.C.B., S
hmidt, P. and Y. Shin (1992): \Testing the null hypothesis ofstationarity against the alternative of a unit root: how sure are we that e
onomi
 series have a unitroot?" Journal of Ec onometrics , 54, 159{178.Lee, D. and P. S
hmidt (1996): \On the power of the KPSS test of stationarity against fra
tionally-integrated alternatives," Journal of Ec onometrics , 73, 285{302.16



Lo, A.W. (1991): \Long-term memory in sto
k market pri
es," Ec onometric a , 59, 1279{1313.Lobato, I. and P.M. Robinson (1998): \A nonparametri
 test for I(0)," R eview of Ec onomic Studies , 65,475{495.Lobato, I. and N.E. Savin (1998): \Real and spurious long{memory properties of sto
k market data,"
Journal of Business and Ec onomic Statistics , 16, 261{283.Ma
Kinnon, J.G. (1994): \Approximate asymptoti
 distribution fun
tions for unit-root and 
ointegrationtests," Journal of Business and Ec onomic Statistics , 12, 167{176.Ma
Kinnon, J.G. (1996): \Numeri
al distribution fun
tions for unit-root and 
ointegration tests,"
Journal of Applie d Ec onometrics , 11, 601{618.Mandelbrot, B.B. (1963): \The variation of 
ertain spe
ulative pri
es," Journal of Business , 36, 384{419.Mandelbrot, B.B. and J.M. Wallis (1969): \Computer experiments with fra
tional Gaussian noises,"
Water R esour c es R ese ar ch , 5, 228{267.Mandelbrot, B.B. and M.S. Taqqu (1979): \Robust R/S analysis of long-run serial 
orrelation," in 42nd

Session of the International Statistic al Institute, Manila, Bo ok 2, 69{99.Mandelbrot, B.B., Fisher, A. and L. Calvet (1997): \A multifra
tal model of asset returns," Cow les

F oundation Discussion Pap er 1164.Newey, W.K. and K.D. West (1987): \A simple positive de�nite, heteroskedasti
ity and auto
orrelation
onsistent 
ovarian
e matrix," Ec onometric a , 55, 703{708.Odaki, M. (1993): \On the invertibility of fra
tionally di�eren
ed ARIMA pro
esses," Biometrika , 80,703{709.Ray, B.K. and R.S. Tsay (2000): \Common long-range dependen
e in daily sto
k volatilities," Journal

of Business and Ec onomics Statistics , 18, 254{262.Robinson, P.M. (1991): \Testing for strong serial 
orrelation and dynami
 
onditional heteroskedasti
ityin multiple regression," Journal of Ec onometrics , 47, 67{84.Robinson, P.M. (1994a): \Time series with strong dependen
e," in C.A. Sims ed., A dvanc es in Ec ono-

metrics, Sixth World Congr ess , Cambridge University Press, 47{95.Robinson, P.M. (1994b): \EÆ
ient tests of nonstationary hypotheses," Journal of the A meric an Statis-

tic al Asso ciation , 89, 1420{1437.Robinson, P.M. (1994
): \Semiparametri
 analysis of long{memory time series," The A nnals of Statistics ,22, 515{539.Robinson, P.M. (1995): \Gaussian semiparametri
 estimation of long range dependen
e," The A nnals

of Statistics , 23, 1630{1661.Robinson, P.M. (2001): \The memory of sto
hasti
 volatility models," Journal of Ec onometrics , 101,195{218.Robinson, P.M. and M. Henry (1999): \Long and short memory 
onditional heteroskedasti
ity inestimating the memory parameter in levels," Ec onometric The ory , 15, 299{336.Sowell, F. (1990): \The fra
tional unit root distribution," Ec onometric a , 58, 495{505.Taylor, S.J. (1986): Mo del ling Financial Time Series . Wiley.Teverovsky, V., Taqqu, M.S. and W. Willinger (1999): \A 
riti
al look at Lo's modi�ed R/S statisti
,"
Journal of Statistic al Planning and Infer enc e , 80, 211{227.Teyssi�ere, G. (1997): \Modelling ex
hange rates volatility with multivariate long{memory ARCH pro-
esses," GREQAM DT 97B03. In revision for the Journal of Business and Ec onomic Statistics .17



Teyssi�ere, G. (1998a): \Multivariate long{memory ARCH modelling for high frequen
y foreign ex
hangerates," in Pr o c e e dings of the HFDF-II Confer enc e , Olsen and Asso
iates, 1-3 April 1998, Zuri
h,Switzerland.Teyssi�ere, G. (1998b): \Nonlinear and semiparametri
 long{memory ARCH," Pr eprint .Wel
h, I. (1992): \Sequential sales, learning and 
as
ades," Journal of Financ e , 47, 695{732.Willinger, W., Paxson, V. and M.S. Taqqu (1998): \Self similarity and heavy tails: stru
tural modelingof network traÆ
," in R.J. Adler, R.E. Feldman and M.S. Taqqu eds., A Pr actic al Guide T o He avy

T ails: Statistic al T e chniques and Applic ations , Birkhauser: Boston.Woodford, M. (1990): \Learning to believe in sunspots," Ec onometric a , 58, 277{307.

18



A Empiri
al eviden
eWe report here the estimation results of the degree of long memory in the volatility by usingRobinson's (1995) Gaussian estimator.Table 1: Estimation of the fra
tional degree of integration for the series of absolute re-turns on Pound-US Dollar jR1;tj, Deuts
hmark-US Dollar jR2;tj, Fren
h Fran
-US Dollar jR3;tj,qjR1;tR2;tj, qjR1;tR3;tj, qjR2;tR3;tj for the period January 1986 - January 1997.m jR1;tj jR2;tj jR3;tj qjR1;tR2;tj qjR1;tR3;tj qjR2;tR3;tj[n=4℄ 0.2083 0.1682 0.1735 0.1847 0.2014 0.1745[n=8℄ 0.2641 0.2911 0.2447 0.2777 0.2629 0.2512[n=16℄ 0.3740 0.3767 0.3674 0.3879 0.3927 0.3682
Table 2: Estimation of the fra
tional degree of integration for the series of absolute returns onPound-Fren
h Fran
 jR1;tj, Deuts
hmark-Fren
h Fran
 jR2;tj,qjR1;tR2;tj, for the period January1986 - January 1997. m jR1;tj jR2;tj qjR1;tR2;tj[n=4℄ 0.1661 0.1729 0.1448[n=8℄ 0.2116 0.2167 0.1823[n=16℄ 0.2690 0.2836 0.2489
Table 3: Estimation of the fra
tional degree of integration for the series of absolute returns onUS Dollar-Deuts
hmark jRDEM;tj, US Dollar-Yen jRYEN;tj, US Dollar-Swiss Fran
 jRCHF;tj, andUS Dollar-Pound jRGBP;tj.m jRDEM;tj jRYEN;tj jRCHF;tj jRGBP;tj[n=4℄ 0.1738 0.1776 0.1961 0.1810[n=8℄ 0.2076 0.2252 0.2341 0.2138[n=16℄ 0.2566 0.2450 0.2597 0.2550
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B Monte Carlo resultsTable 4: Gaussian estimates of d. (Monte Carlo S.E. in parenthesis.)m Rt jRtj R2tmopt 0.0020 (0.0578) 0.3509 (0.0976) 0.3219 (0.0944)84 -0.0063 (0.0712) 0.4806 (0.1205) 0.4483 (0.1186)108 -0.0032 (0.0629) 0.4350 (0.1100) 0.4049 (0.1078)132 -0.0005 (0.0580) 0.4009 (0.1021) 0.3723 (0.0996)156 0.0013 (0.0550) 0.3742 (0.0962) 0.3468 (0.0931)Table 5: \Pox{plot" estimates of d based on the squared returns series R2t . (Monte Carlo S.E.in parenthesis.) R=S estimate of d V=S estimate of d KPSS estimate of dd 0.3086 (0.0872) 0.3259 (0.1043) 0.3870 (0.1172)
Table 6: Lobato{Robinson test. Test size 5%m Rt : Pr(d = 0) jRtj : Pr(d > 0) R2t : Pr(d > 0)60 0.9534 0.9940 0.993684 0.9444 0.9947 0.9946108 0.9317 0.9956 0.9960132 0.9194 0.9959 0.9955156 0.9051 0.9963 0.9959
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Table 7: Tests for long-range dependen
e on the series of di�eren
ed pri
es, absolute simulatedreturns jRtj, and squared simulated returns R2t . Test size 5%.Rt : Pr(d = 0) jRtj : Pr(d > 0) R2t : Pr(d > 0)q R=S KPSS V=S R=S KPSS V=S R=S KPSS V=S0 0.9268 0.9494 0.9403 0.9955 0.9891 0.9937 0.9960 0.9886 0.99361 0.9336 0.9491 0.9442 0.9944 0.9865 0.9927 0.9946 0.9861 0.99222 0.9416 0.9482 0.9470 0.9934 0.9850 0.9917 0.9937 0.9847 0.99123 0.9470 0.9484 0.9495 0.9928 0.9844 0.9912 0.9931 0.9839 0.99084 0.9506 0.9485 0.9506 0.9926 0.9834 0.9903 0.9926 0.9829 0.99025 0.9530 0.9495 0.9530 0.9925 0.9825 0.9901 0.9918 0.9819 0.989910 0.9610 0.9501 0.9575 0.9913 0.9790 0.9893 0.9896 0.9778 0.987715 0.9618 0.9487 0.9595 0.9891 0.9752 0.9865 0.9860 0.9719 0.985520 0.9643 0.9491 0.9595 0.9850 0.9681 0.9837 0.9834 0.9663 0.982725 0.9657 0.9499 0.9591 0.9810 0.9617 0.9801 0.9784 0.9590 0.979030 0.9655 0.9499 0.9602 0.9767 0.9537 0.9762 0.9723 0.9508 0.9752Table 8: Gaussian estimates of d for the bivariate series of simulated absolute returns jRtj, jR�t j,pjRtR�t j. (Monte Carlo S.E. in parenthesis.)m jRtj jR�t j pjRtR�t jmopt 0.3509 (0.0976) 0.3457 (0.0987) 0.3939 (0.1016)84 0.4806 (0.1205) 0.4748 (0.1203) 0.5297 (0.1240)108 0.4350 (0.1100) 0.4291 (0.1103) 0.4812 (0.1138)132 0.4009 (0.1021) 0.3947 (0.1031) 0.4445 (0.1061)156 0.3742 (0.0962) 0.3687 (0.0973) 0.4163 (0.1004)
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C GraphsFigure 1: Auto
orrelation fun
tion of the absolute returns jRtj on Pound-Dollar
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Figure 2: Comparison of ACF of jRtj (in grey) with the averaged ACF of 2000 simulations of aFINGARCH-t pro
ess (in bla
k)
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Figure 3: Auto
orrelation fun
tion of the absolute returns jRtj of a simulation
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Figure 4: Series of absolute returns jRtj Deuts
hmark-Dollar
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Figure 5: Series of absolute returns jRtj Pound-Dollar
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Figure 6: Series of simulated absolute returns jRtj
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Figure 7: Series of simulated absolute returns jRtj
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Figure 8: Evolution of the pro
ess kt.
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Figure 9: Evolution of the pro
ess kt.
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D Size-power 
urvesFigure 10: Power-size 
urves: absolute returns jRtj
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Figure 11: Power-size 
urves: squared returns R2t
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